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There exist two conductivities in the system with the spin Hall effect: the Drude conductivity and the anomalous Hall conductivity.
Our theoretical results based on the effective mean-free-path model show that the asymmetry in these two conductivities induces a spin-
dependent, directional diffusive scattering, and thus causes the spin accumulation.
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I. INTRODUCTION
THE spin Hall effect refers to a nonzero spin current in a di-rection transverse to the direction of the current flow [1].
The spin-orbit coupling, or the anomalous scattering mecha-
nism, leads to the asymmetric scattering of the conduction elec-
trons with spin-up states and with spin-down states, and thus
generates the spin Hall effect [1], [2]. The spin accumulation
from the spin Hall effect can be studied by the spin-diffusion
equation derived from the Boltzmann transport equation.[1] In
this paper, we study this effect by use of another model equiv-
alent to the Boltzmann transport equation model: the effective
mean-free-path model.
The effective mean-free-path model is useful to study the
electron transport in a finite system [3]. Given boundary con-
ditions, the solution of the electron distribution to specify the
electron transport can be easily obtained from this model, and
is always explicitly expressed in an analytic form. The electron
distribution is governed by the chemical potential in an inves-
tigated system; therefore, the electron distribution response to
various scatterings can be related to the change of the chemical
potential. When the scattering is spin-dependent, this change be-
comes spin-dependent; thus, the spin accumulation occurs. In
presence of the spin Hall effect due to the anomalous scattering
[1], [2], there exists the spin-dependent scattering, and also the
spin accumulation. The resulting spin accumulation can be spec-
ified by the difference between the spin-up and the spin-down
chemical potentials, and can be easily obtained by using the ef-
fective mean-free-path model.
In this paper, we follow Zhang’s procedure to study the spin
accumulation resulted from the spin Hall effect [1]. The pro-
cedure is that first the electron distribution is in the absence of
the spin-orbital coupling and then the spin-orbit coupling by an
anomalous term in current is included. Zhang started with the
spin-diffusion equation derived from the Boltzmann transport
equation, but we begin with the effective mean-free-path model
equivalent to the Boltzmann transport equation model. Besides,
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there are two differences between our and Zhang’s calculations:
here, the scattering from the boundary effect is considered, and
the spin-flip scattering is neglected.
II. THEORY
The electron distribution , corresponding to the
energy and the velocity at the position , can be
divided into two parts: the Fermi–Dirac distribution
and the deviation distribution , such that
, where the spin index is
for spin-up (spin-down, spin-independent) state
[3]–[5]. The spin-dependent Fermi–Dirac distribution
is isotopic and homogenous,
where the Boltzmann constant and the temperature are
related by . The energy of an electron is
mv , where is the mass of an electron. The spin-dependent
chemical potential and the spin-independent chemical po-
tential are related by , where is the molecular
field of a magnetic material. The deviation distribution
originates from all diffusive boundary effects under the driven
electric field. It is anisotropic and nonhomogeneous and can be
expressed as
(1)
where is a unit vector in the transport direction,
is the mean free path, is the relaxation time, is the
electron charge, and is the applied uniform electric field. The
term can be used to specify the charge accumulation in
the investigated system.
The term can be solved by the effective mean-free-path
model, which is equivalent to this obtained from the Boltzmann
transport equation imposed with the given boundary conditions
[3]. It is expressed as
(2)
where is the equilibrium diffusion parameter and
is the position of the boundary. The same position of is
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divided into and for the transport electron along
and , respectively. The unknown can be determined
by use of injecting an incident inverse-transport electron into the
system [3]. This unit incident inverse-transport electron is along
the transport direction and is injected from
. Associated with the superposition of all effective diffusive
scatterings on this electron, can be obtained.
The effective diffusive scattering can be specified by the dif-
fusion parameters of the diffusive boundary and the mean
free paths in an investigated system [3]. At the diffusive
boundary, the relation among the diffusion parameter , the
reflection parameter , and the transmission parameter is
given by , where and
. The describes the degree of diffuseness of
the scattering [6], [7]. The nondiffusive reflection coefficient
and the nondiffusive transmission coefficient are known from
the solution of the quantum mechanical scattering problem, and
satisfy the relation [6]–[8]. For a single diffu-
sive boundary, the effective diffusive scattering on the transport
electron depends on the diffusion parameter at the diffusive
boundary, and decays exponentially with the distance between
the diffusive boundary and the transport electron. The decaying
length of the effective diffusive scattering is characterized by the
mean free path . In structures with more than one diffusive
boundary, the determination to specify all total effective diffu-
sive scatterings is associated with the sum of their individual
effective diffusive scatterings from all diffusive boundaries. Be-
sides, the diffusion parameter at the interface will
be modified as , which specifies the diffusive
scattering from the interface on a transport electron at
the interface when this electron without spin flip scat-
tering tends to transport along the direction from the layer
through the interface to the layer. The modified




, and [3], [9].
After introducing (2)–(4), we start to investigate the system
which contains an anomalous velocity
(5)
where is the spin-orbit coupling constant [1], [10]. The
velocity in (2) then becomes . In the presence of the
anomalous velocity , the current density is
(6)
where [1]. It should be noted in
Zhang’s paper is the simplified case of in our paper.
The Drude conductivity is and the anomalous Hall conduc-
tivity is ; their relation is , where is
much smaller than due to [1]. From (6), if the elec-
tric field is applied to be along generates the
spin-up electric current along and the spin-down electric
current along ; however, the net current is only along .
Fig. 1. Conductor of widthw with the spin Hall effect carries a steady current
J along the x direction and contains two conductivities: the Drude conductivity
C and the anomalous Hall conductivityC , where the spin index is+( ) for
the spin-up (spin-down) state. At y = w=2, the diffusion parameter isD .
Therefore, the charge accumulation occurs along the y axis in
order to cancel the electric current along due to ; that
is, , where the notation
are used to represent to toward , respectively. This term
in (2) then reduces to
(7)
The positions of the upper and the down boundaries in a layer
are denoted and , respectively (see
Fig. 1). The factor of 1/4 is due to the effect of both the ap-
plied electric field and the anomalous velocity
on the sum of , and . The coeffi-
cient depends on the given boundary conditions for
the transport electron, and thus depends on the original diffu-
sion parameter at . It is clear in (7) that
is related to , also to the charge accumula-
tion and to the spin accumulation. The sum of
and specifies the charge accumulation, but that
the difference of and speci-
fies the spin accumulation.
The value of of in (7) is for the system
specified by (5) and (6). In (6), the term results from
the velocity , but the term results from the
anomalous velocity in (5). Due to in the system, there
exist two conductivities and for this spin-up electron.
That is, when the spin-up electron transports along , its con-
ductivity is , but when it transports along , its conduc-
tivity is . Therefore, the spin-up electron, which transports
along and tends to , undergoes the asymmetry in
and . In terms of the effective mean-free-path model, the
asymmetry, which leads to the strongest spin-up electron accu-
mulation and occurs at , modifies the original as
the modified . Based on (3) and (4), the modified diffusion
parameter at is
(8)
Similarly, the modified at on the spin-down elec-
tron transporting along and tending to is
(9)
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The modified at and at are still
(10)
(11)
since the spin-up electron transporting along does not tend
to and the spin-down electron transporting along does
not tend to .
Given , and in (8)–(11) for the system
with the anomalous velocity , the value of in (7)
can be determined by using the effective mean-free-path model
[3]. This value is the determination to specify all effective diffu-
sive scatterings on an injected unit electron transporting along
from . The value of is
(12)
After some algebra based on (7)–(12),
can be obtained. The spin accu-
mulation specified by depends on the applied electric
filed , the spin-orbit coupling constant , the mean free path
, the width , and the equilibrium parameter .
The depends on , and thus depends on both
and the original diffusion parameter .
In the limiting case that the material is paramagnetic and there
exists no scattering from boundary effect, the spin accumulation
is specified by
(13)
where: 1) , and
, but and 2) . Note
that and . When the film width is small
compared with the mean free path, i.e., reduces
to , and then becomes ,
which are agreement with Zhang’s and Hirsch’s results [1], [2].
It should be noted that means no spin-flip scattering.
III. CONCLUSION
In terms of the effective mean-free-path model, the difference
between the Drude conductivity and the anomalous Hall
conductivity induces a spin-dependent, directional diffusive
scattering, and thus causes the spin accumulation. The resulting
spin accumulation depends on the applied electric filed , the
spin-orbit coupling constant , the mean free path , the width
, and . It also depends on the original dif-
fusion parameter . In the limiting case of and
, our result is agreement with Zhang’s result [1].
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